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Abstract 

Biharmonic maps between surfaces are studied in this paper. We compute 
the bitension field of a map between surfaces with conformal metrics in com- 
plex coordinates. As applications, we show that a linear map from Euclidean 
plane into (R 2 , a 2 dwdw) is always biharmonic if the conformal factor a is bi- 
analytic; we construct a family of such a, and we give a classification of linear 
biharmonic maps between 2-spheres. We also study biharmonic maps between 
surfaces with warped product metrics. This includes a classification of linear 
biharmonic maps between hyperbolic planes and some constructions of many 
proper biharmonic maps into a circular cone or a helicoid. 

1. INTRODUCTION AND PRELIMINARIES 

All manifolds, maps, and tensor fields studied in this paper are assumed to be 
smooth. 

A map : (M, g) — > (N, h) between Riemannian manifolds is harmonic if it 
is a critical point of the energy functional 



£(0,0) = i / \dct>\ 2 v 9 

1 J M 



for every compact subset Q of M. It is well known that is harmonic if and only 
if its tension field r(0) = Trace 9 V dip vanishes identically. 
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A map (p '■ {M, g) — > (N, h) between Riemannian manifolds is biharmonic if 
it is a critical point of the bienergy functional 

E 2 {<P^)= l -j Jr(0)|% 9 

for every compact subset Q of M, where t(0) = Trace 9 Vd0 is the tension field 
of (ft. The Euler-Lagrange equation of this functional gives the biharmonic map 
equation ( |Jilj ) 

(1) r 2 (0) := Trace ff (V^ - V* M )r(<P) ~ Traced (d0, r(0))d0 = 0, 
where R N denotes the curvature operator of (N, h) defined by 

R»(X,Y)Z = \S7%,V?]Z-V$ tYl Z. 

It follows from ([1]) that a harmonic map is always biharmonic so we use proper 
biharmonic maps to mean those biharmonic maps which are not harmonic. For 
some recent study of constructions and classifications of proper biharmonic maps 
see [EE], [BFO] . jBMOlj , |BM()2j . jCMOl] . |CM()2] . [HIT] . [ED] , [MO], [On] . 
[Qui], [Ou2] , [Ou8] . [Qui] , [QT], [Qui], [WO] and the references therein. 

Harmonic maps between surfaces had been studied by many authors during 
1970' and 80' (see e.g., [EL], [EW], [Jo], [Li] , [SY]). It is well known that 
harmonic maps in two dimensions have many special features and many of their 
important properties are derived from the fact that the tension field of the map 

(2) : (M 2 , g = p 2 dzdz) — > (N 2 , h = a 2 dwdw), w = <j>(z) 
can be written in the concise formula 

(3) t{4>) = Ap- 2 [<p z - z + 2(lna)^0 2 -]. 

In this paper, we first prove that the bitension field of the map defined in ([2]) 
can be written as 

t 2 (4>) = 4p' 2 {r zZ + 2(lna) w [r 2 g + r 2 (p z + ^p 2 (r) 2 ] + 2f (lncr)^^^ 

(4) +2r(f> z (t) z (\na) ww }, 

where r given by (EJ) is the tension field of 0. 

We then use this formula to show that a linear map from Euclidean plane into 
(M 2 , a 2 dwdw) is always biharmonic if the conformal factor a is bi-analytic (i.e., 
o~ ww = 0); we construct a family of such a, and we give a classification of linear 
biharmonic maps between 2-spheres using the model S 2 \ {N} = (M 2 , pr^r^w )- 
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The second part of the paper is devoted to the study of biharmonic maps be- 
tween surfaces with warped product metrics. Our results include a classification 
of linear biharmonic maps between hyperbolic planes and some constructions of 
many proper biharmonic maps into a circular cone or a helicoid. The proper 
biharmonic maps between hyperbolic planes found in our classification theorem 
can be viewed as a complement to a theorem proved in |Onj which asserts that 
if : (M,g) — > (N,h) is a map with the property that |t(0)| = constant, 
Riem^ < 0, and there is a point p € M such that rank p > 2, then <fi is bihar- 
monic if and only if it is harmonic. 

As a preliminary step, we give a proof of the following lemma which will be 
used frequently in the rest of the paper. 

Lemma 1.1. Let <p : (M m ,g) — > (N n ,h) be a map between Riemannian mani- 
folds with (ftix 1 , . . . , x m ) = ((f) 1 (x), . . . , (f> n (x)) with respect to local coordinates (x l ) 
in M and (y a ) in N. Then, <ft is biharmonic if and only if it is a solution of the 
following system of PDE's 

Ar CT + 2g(Vr a , V/)f ^ + r a A^T^ 
(5) +r a g(V(f) f3 , Vr)(d p f^ + F^K p ) - r»g(Vr, W) = 0, 

a = 1, 2, . . . ,n, 

where r 1 , . . . , r n are components of the tension field of the map (f>, V, A denote 
the gradient and the Laplace operators defined by the metric g, and T°g and Rp au 
are the components of the connection and the curvature of the target manifold. 

Proof. Let (resp. {-^}) be the natural frame with respect to local coordi- 

nates (x l ) in M (resp. (y a ) in N). Then, by (JT]), the bitension field of <fi can be 
computed as 



(6) r 2 (0) = g« (V% (#) - r&V*. (r((f))) 

V dx^ dxO dx& 

Let t{4>) = T ° L '^ an d use the notations r" := r," := q^ T q x j ■ Then, a direct 
computation gives 



(7) V^(r(0)) = (^ + r>£rO 

Q x k \ / 



d_ 

■ 



dy a 
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dx 1 dx3 dx 1 



V^V^(r(0)) = fa + T»<fit% 



dy c 



and 



< 9 > = 

Substituting Equations (JTJ) , (JSJ) , and fl2D into <^ we have 

r 2 (<P) = 9 ij {< j +T^Y^ + ^ i {T a ^Yl p ) + 
(10) -Y%{r° k + r>fr^) - /f ; ^;jA 

from which the lemma follows. □ 



2. BlHARMONIC MAPS BETWEEN SURFACES WITH CONFORMAL METRICS 

Let (M 2 , g) and (N 2 , h) be two surfaces. As it is guaranteed by a classical theo- 
rem from differential geometry we can always choose local isothermal coordinates 
on a surface. So let x, y on M (respectively u, v on N) be isothermal coordinates 
with respect to which the metric takes the form g = p 2 b~ijdx l dxi (respectively, 
h = a 2 b a pdu a duV). Let : (M 2 , g) — > (N 2 ,h), <p(x,y) = (4>\x, y), 2 (x, y)) be 
a map between two surfaces. It has been proved that in this case it is very useful 
to use complex notations 

(11) z = x + iy,w = u + iv, 

dz = dx + idy, and dz = dx — idy. 
d 1.9 . d . d 1 , d . d . 
cfe 2 <9x dy 7 dz 2 <9x <% 

It is well known (see e.g., |ELj and [Jo]) that the tension field of the map <fi : 

(M 2 , g = p 2 dzdz) — > (iV 2 , h = a 2 dwdw), w = <fi(z) can be written as 



(12) r((j>) = 4p- 2 [0 zz - + 2{ln*) w <f> z <t>,). 

Theorem 2.1. Let (j) : (M 2 ,g = p 2 dzdz) — > (N 2 ,h = a 2 dwdw) with w = 4>(z) 
be a map between two surfaces with conformal metrics. Then, the bitension field 
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of <f) can be written as 

r 2 (4>) = 4p- 2 {r zz - + 2(lna) M [r 2 2 + r 2 -0 z + ip 2 (r) 2 ] + 2f(lna 

(13) +2r(f) z (f) z (\na) ww }, 

where r given by [W\! is the tension field of <p. 

Proof. A direct computation gives the connection coefficients of the target surface 
as 

(14) 1^ = 0^)1, fl 2 = (lna) 2 , r 1 32 = -{hia) 1 , 
fn = -(lncr) 2 , f 2 2 = (lna)i, t\ 2 = (lna) 2 . 

Noting that the Laplace operator can be written as A = 4p~ 2 T^-= we have 

(15) At 1 + zAr 2 = At = 4/T 2 r 22 
1, a = /3 = 1 

Let C a p = { i, a ^ f3 Then, it is easily checked that 

-1, a = /3 = 2. 

(16) T l a p + iTl p = 2C a p(\na) w . 
We compute 

(17) 2g(Vr a , V/)f ^ + t2g(Vr a , V/)f % 

= A(\na) w g(Vr a ,V^)C al3 = 8p" 2 (ln a) w {r z (j>- z + r^ z ), 

(18) r a A^Y ^ + ir a A^V lp = 2(\na) w T a A^C a p = 8p- 2 r(lna) w 22 , 

(19) r a g(V^, V<f>o)K p rl p + ir a g(V^, V^)K^l P 

4((ln a) w ) 2 r{g{V(j>\ V0 1 ) + 2ig{V<f>\ V0 2 ) - s(V0 2 , V0 2 )} 
= 16rp _2 ((ln(r) li ,) 2 2 2 , 

and 

(20) r a g(V^, Vr)d p rlp + ir a g(V^, V<P p )d p T % 
= 2rp 2 {9 1 ((ln ( x) w )[|0 2 | 2 + |0 2 -| 2 ) + 20 2 2 -] 

+d 2 ((lna) w )t[\<p z \ 2 + \<P- Z \ 2 ) - 20 2 2 -]} 
= 4p~ 2 r[(lna), mD (|0 2 | 2 + |0 2 | 2 ) + 2(lna) ww (f) z (f) M ). 
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Using the fact that the Gauss curvature K of (N 2 ,a 2 dwdw) satisfies K 
— 4cr~ 2 (ln a) wil! and hence R\ kl = — 4(ln o-) wW (8 J k 8u ~ tfSik) we have 

(21) -r^(V0 Q , V^)R l p<xv - ir v g{Vr, V/)^ 

= -r 1 ( 7 (V0 2 , V0 2 )i4i - r 2 g{V4>\ V0 2 )^ 12 



-4p- 2 (lna)^[r(|0 2 | 2 + \<f)- z \ 2 ) - 2f0,< 



2 1 

12lJ 



Substituting Equations (115]) and fTlYJ) — ( J2T[) into the bitension field equation we 
obtain 

r 2 (0) = (r 2 (0)) 1 + z(r 2 (0)) 2 
= Ar 1 + 2g(Vr a , V/)f ^ + r Q A/f ^ 

+7*g(y<p, vpWFap + r^ry - r^(v<r, v/)^ 

+z [Ar 2 + 2s(Vr a , V/)f 2 ^ + r«A/f ^ 

+r^(v/, v^)(9 p r 2 /3 + f ^ry - A(vf, v^)^ 2 a j] 

= Ap~ 2 {r z - Z + 2(lna) w [r 2 g + r 2 z + ^p 2 (r) 2 ] + 2f (In o-) w& 4> z 4> 2 
+2r(\na) ww (j) z (f) s }. 

From this the theorem follows. □ 

Corollary 2.2. A map <\> : (M 2 ,g = p 2 dzdz) — > (N 2 ,h = a 2 dwdw) with w = 
(f)(z) between surfaces is biharmonic if and only if 

(22) t z - z + 2(\no-) w [T z <P- z + r- z (t) z + ^p 2 (r) 2 ] 

+2(p z (p z [f(\na) wiB + T(\na) ww } = 0, 
where r(<p) = 4p~ 2 [<j) zz + 2(ln a) w (f) z (f) z ] is the tension field of the map </>. 



As an application of Theorem I2.1[ we prove the following theorem that gives a 
lot of examples of linear maps which are proper biharmonic maps. 

Theorem 2.3. Let : (R 2 , dx 2 + dy 2 ) — > (M 2 , a 2 (du 2 + dv 2 )) with 

a b \ ( x 



(23) *^ lciAs 
be a linear map. Then 

(1) cf) is harmonic if and only if a is anti-analytic (o w = 0), or (p is analytic 
(<f) z = 0) or anti-analytic (<p z — 0); 

(2) If a is anti-bianalytic (i.e., a ww = 0), then the linear map <p is always a 
biharmonic map. In particular, for any p,q G M.,q ^ 0, the linear map (f) : 
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(R 2 ,dx 2 + dy 2 ) — > (R 2 ,{p + q{u 2 + v 2 )) 2 {du 2 + dv 2 )) defined by $® with \A l \ 2 + 
|A 2 | 2 or A 1 ■ A 2 7^ 0, is always a proper biharmonic map, where A 1 = (a,b) and 
A 2 = (c,d). 

Proof. The map can be written as 

(24) <j)(z) = -(a + ic)(z + z) + ~(d - ib)(z - z), 

which is linear in z and z. With this, together with the fact that p = 1, we can 
compute the tension field of the map to get 

(25) r = 8{lna) w (f) z <P- z , 
from which we obtain the first statement of the theorem. 

To prove the second statement of the theorem we compute 

(26) t zz = 80 z 2 ((ln a) www (j) z (j) z + (In o-) www {4> z <p z + <f) z 4> z ) 

(27) 2{\no) w {T z <P- z + r- z 4> z + ip 2 (r) 2 ) 

= 16(ln <j) w (j) z (j)z [2(ln o-) ww <p z (j) z + (In a) ww ((fi z (j) z + 4>z<Pz) + 2(ln cx) 2 ^^] , 

(28) 2(lna) wiB f(j) z (f) 2 = 16(ln a)^(ln a)^0 2 5 2 2 , 
and 

(29) 2r<f) z (f> z (\na) ww = 16(\na) w (\na) ww (f) 2 z (f>l. 

Substituting Equations (I2"6"|) ~ (j2"9"|) into biharmonic map equation (122]) we see that 
<f) is biharmonic if and only if 

4> z 4> z [8(ln<j) www 4> z (f) 2 + 8(lna) www (4> z (f) 2 + <f) z <j) z ) + 8(lna) wiSiS ^ s 

(30) +48(lna) w (\na) ww (j) z (j) z + 16(lncr) w (ln a) wiil {(j) z 4) z + (p z (p 2 ) 
+16(]na)i B (]na) wiD $ z <i)g + 32((\na) w ) 3 (f> z (f) z ] = 0. 

Noting that 2 2 — implies is harmonic we conclude that if <p is proper 
biharmonic, then, by (130]) . it solves the equation 

8(lna) www 4> z (f) z + 8(lna) ww€ ,(4> z (f) z + <p z (j) z ) + 8 (In o-) www <j) z <f) z 

(31) +48(ln a) w (ln a) ww (p z (f) z + 16(ln a) w (ln a) ww ((f) z (j) z + 2 2 ) 
+16(lna) id (lna) ww (j) z (j) z + 32((lna) w ) 3 (p z <j) 2 = 0. 
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It is not difficult to check that Equation (1ST]) is equivalent to 

8(p z (p z [((lna) ww + ((\na) w ) 2 ) w + A(lna) w ((\na) ww + ((lncr)J 2 )] 

(32) +84>Jz{(\na) ww + ({lna) w ) 2 ) w 

+8( ( Pz<frz + <t>z<t>z){Q-ncr) ww + ((In (!)„,)% = 0. 

It follows that if 

(33) (\na) ww + ((\na) w ) 2 = 
then f )32|) . and hence ( l3T|) . is automatically solved. 

Since Equation f )33|) is equivalent to 

(34) <t ww = 0, 

from which we obtain the first part of Statement (2). It is easy to check that 
o = p + qww = p + q(u 2 + v 2 ) is a special solution of ( l34|) . It follows that, 
any linear map <p : (R 2 ,dx 2 + dy 2 ) — > (R 2 , (p + q(u 2 + v 2 )) 2 (du 2 + dv 2 )) with 
<f)(x, y) = (ax + by, cx + dy) is biharmonic map; Furthermore, if \A l \ 2 ^ \A 2 \ 2 or 
A 1 ■ A 2 ^ 0, and hence 4> z cf) z = ^((A 1 ) 2 - \A 2 \ 2 + i1A x ■ A 2 ) ^ which means is 
not harmonic, then is a proper biharmonic map. This completes the proof of 
the theorem. □ 



As another application of Theorem 12. 1[ we give a classification of linear bihar- 
monic maps between 2-spheres with the model S 2 \ {N} = (IR 2 , ffl^^i ) ■ 

Proposition 2.4. A linear map between 2-spheres (ft : S 2 \{N} = (IR 2 , ^^2+^,2)2 ) ~~ 
S 2 \ {N} = (R 2 , ^^2^2)2 ) with (p(x, y) = (ax + by, cx + dy) is biharmonic if and 
only if it is harmonic, i.e., a constant map, or \A X \ 2 = \A 2 \ 2 and A 1 ■ A 2 = 0, 
where A 1 = (a,b), A 2 = (c,d) . 

Proof. The linear map can be put in the form of (1241) . Here, we have 

2 2 

1 + ZZ 1 + WW 

and the tensions field of <fi given by 

r(0) = 4:p~ 2 [(p z2 + 2(lna) w (p z (j) 2 ] = 8p' 2 (\na) w (p z (f) 2 . 
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A straightforward computation gives 



(35) Tz - Z = 4[p 2 ((j) zz + 2(ln cr) w (j) z (j) z )} zz 

8 3 1 — zz 

:[--ZZw{\ + Ww) 2 (fr z (j) z w(l + Ww) 2 <fi z <fr- Z 



(1 + to) 3 ' 2 v ' ^ 2 

(1 + ZZ)Z 2/1 . . ,o (1 + ZZ)Z,, \, , 7 

+ - ^ -w 2 (l + ww)<j) z <j) 2 z - i Y-t-il + ww)<f) z( f)- z (f)- z 



(1 + ZZ)Z o/-, n,2, (1 + Zz) 2 ,, 2 ,2 (It -i > - 

+ ~ 2 (1 + U>w)0 2 2 - ^ r-^^ 3 2 2 + ^ —J-wfifefe 

(l+Zz)z - (1 + ZZ) 2 _ 2 - (1 + ZZ) 2 ,,771 
(1 + WW)(j) z (p z (p z H W(p z (p z (p z H W0 Z 2 2 2 J, 



(36) 2(ln<7)™(r^ + r 2 2 + ^p 2 (r) 2 ) 

= 2— -[(8p' 2 (\na) w (p z (f) z ) z (f) z + (8p _2 (lna) w z 2 )^ 

1 + WW 

+ 16p- 2 ((ln ( r) w ) 2 2 2 ] 

= -16 7, , x -.j -^^W + ww)^ 2 + { -^^w 3 m 



(1 + ww) 3 

(1 + ZZ) 2 _ 1 , 2 - Z(1+ZZ)_ 2 . , , 2 , (l + ^) 2 _, 2 , 

w(p z (p z (p z U> (1 + ww)(p z (p z W(j) z (p z (p 

+ " ' W 3 2 2 -], 



(1 + ^; 



Z 4 

2 



4 

(37) 2(]n<7) w < D f<k02 = — ZT^(1 + ^) 2 W0 Z 2 2 2 

(1 + to) j 



and 



2 U ' 3 i2 i2 



(38) 2r</> 2 2 (ln a) WU) = 4(1 + zz) 2 — — 2 
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Summing up (I55|) ~ (158)) and using Corollary [221 we conclude that is biharmonic 
if and only if 

(39) ——— [-12^(1 + ww) 2 <p z <P- z - 4(1 - zz)w{\ + ww) 2 4> z 0- z 

+4(1 + zz)zw 2 {\ + ww)(j) z 4>l - 4(1 + zz)z(l + ww)(j) z (j) z (f) z 
+4(1 + zz)zw 2 (l + ww)4> 2 z (t>z 

-4(1 + zz) 2 u>V*0i + 4(1 + zz) 2 w(p 2 z ^(j)- z - 4(1 + zz)z(l + ww)<f> z <j>g<j> z 

.■=\2.t.± i27 , Aft , _ = \2_ 



+4(1 + zzyw(j) z (j)i(j) z + 4(1 + zzywc, 



+8z(l + ;zz)w 2 (l + ww)$ z $\ - 8(1 + zzfw\ ; . 
+4(1 + zz) 2 w(t> z 4> 2 s 4) z + 8z(l + zz)w 2 (l + ww)4> 2 z (j) z + 4(1 + zzfwtf^z 
+4(1 + zz) 2 w<f> z (t>z4)J z - 12(1 + zz) 2 ™ 3 ^ 2 ] = 0. 

Noting that 10 = 0(2) is linear in 2; and z (and hence Z and <ftz are constants) 
we multiply (1 + ww) 3 to both sides of f )39|) to obtain a polynomial equation in 
x, y (z = x + iy) whose 7th degree terms gives 

(40) -12zzw 2 w 3 <f) z <j)z + 4zzw 2 w 3 <f) z <j) z + 4zz 2 ww 3 <f) z <f) 2 z 
+Az 2 zww 3 (f) 2 z (j)2 - Az 2 z 2 w 3 4> 2 z 4> 2 z 
+8zz 2 ww 3 4> z (f) 2 z - 8z 2 z 2 w 3 (j) 2 z (f) 2 z + Sz 2 zww 3 (j) 2 z 4) z 
-l2z 2 z 2 w 3 <p 2 J 2 z = 0. 

This, by a straightforward computation, is equivalent to 

(41) 4(p z (p z zzw 3 (—2w 2 + 3zw(f> z + 3zw<p z — 6zz(p z (f> z ) = 

for all z G C. It follows that either (i) w = <p(z) = which means is a constant 
map, or (ii) 4> z (j) z = 0, which means the map <fi is harmonic, or (iii) 

(42) — 2w 2 + 3zw(f)z + 3zw(fi z — 6zz~(j) z (j) z = 
for all z G C. 

Using z = x + iy, w = <f>(z) = ax + by + i(cx + dy) we can easily check that 
Equation (j4"2"|) is equivalent to 

0/ o 36 9 Co St/ o T n 7 

x a; H a; H 2 + 2abxy — 2caxy 

2 2 2 2 y y 

3a 2 2 6 2 2 3c 2 2 d 2 2 



2 v 2 V 2 a 2 
+i[—acx 2 — 3bdx 2 + 2bcxy + 2adxy — 3acy 2 — My 2 ] = 0, 
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or 



(43) 



(-W - U 2 + \c 2 + %d 2 = 0, 



2ab - led = 0, 



-fa 2 - \b 2 + §c 2 + \d 2 = 0, 



-ac — 3bd = 0, 



26c + lad = 0, 



— 3ac — fed = 0. 



Solving Equation (143]) we see that a = 5 = c = <i = 0is the only solution. 
Summarizing the above results we obtain the proposition. □ 



3. BIHARMONIC MAPS BETWEEN SURFACES WITH WARPED PRODUCT 

METRICS 

In this section, we study biharmonic maps from a Euclidean plane into a surface 
with a warped product metric following the idea of Lemaire |Lej in his search for 
harmonic map : T 2 — > (M. 2 , du 2 + (a 2 — u 2 )dv 2 ) of the form <f>(x, y) = (f(x),y). 
It turns out that the partial differential equations of a biharmonic map in this 
case reduce to an ordinary differential equation. The solutions of the resulting 
ordinary differential equation allow us to construct many proper biharmonic maps 
from a Euclidean plane into a circular cone and a helicoid. We also give a complete 
classification of linear biharmonic maps between hyperbolic planes with the model 
H 2 = (R 2 ,e~ 2 ydx 2 + dy 2 ). 

Proposition 3.1. Let R 2 be the Euclidean plane with coordinates (x, y) and met- 
ric g = dx 2 + dy 2 . Let N = IR 2 with coordinates (u, v) be provided with the warped 
product metric dp 2 = du 2 + o~ 2 (u)dv 2 . Then, the map <p '■ ^ 2 — > N defined by 
<f)(x,y) = (f(x),y) is biharmonic if and only if 



(44) (/" - a'(f)a(f))" - (/" - a\f)a{f)){a' a)' {f) = 0. 
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Proof. For the target surface, we have the coefficients of the first fundamental 
form E = 1, F = 0, G — o~ 2 {u) and hence the Christoffel symbols given by 

(45) f \ x = E U /2E = 0, r{ 2 = E v /2E = 0, f \ 2 = -G U /2E = -a'a, 
f 2 n = -E V /2G = 0, t\ 2 = G U /2G = a' /a, T 2 22 = G V /2G = 0. 

We can further compute the components of the tension field of the map <fi to get 

(46) T l = f"-a'(f)a(f), 

(47) r 2 = (f') 2 T 2 u + T 2 22 = 0. 

A straightforward computation using Lemma 11.11 gives the components of the 
bitension field of <ft as: 

(48) (r 2 (0)) x = At 1 + 2g(Vr a , W)T^ + r a A^f l afj 
+T a g(V<f>?, W)(0pf + f^f l p ) - r^(Vf, V^)J2j a „ 
Ti + r x f \ 2 t \ 2 - r'i-diT^ + f \ 2 t \ 2 ) 

= if" - v'(fMf))" ~ if" ~ a'(f)a(f))(a'a)'(f), 

(49) (r 2 (0)) 2 = At 2 + 2g(Vr a , V^)f 2 afi + r a A^Y% 
+r^(V/, Vr)(d P T 2 a , + f 2 up ) - r^(V0 a , V/)^ a „ 

= 2s(Vr\ V^)f J, + r^fj, + ^(V^, w)(0 p f *, 
+fr /3 f 2 p )-r 1 ^(Vr,V/) J R 2 Ql = 0. 

It follows that 4> is biharmonic if and only if / solves the ordinary differential 
equation (14"41) . which completes the proof of the proposition. □ 

Corollary 3.2. Let a > and A,C be constants satisfying \A\ < a,C / and 

B,D be arbitrary constants. Let M = {(x,y) G R 2 : |x| < be provided with 

the standard Euclidean metric ds 2 = dx 2 + dy 2 and N = {(u,v) G IR 2 : \u\ < a} 
be a surface with the metric dp 2 = du 2 + (a 2 — u 2 )dv 2 . Then, the map 
<p : (M, ds 2 = dx 2 + dy 2 ) — ► (N, dp 2 = du 2 + (a 2 - u 2 )dv 2 ) defined by 
(f)(x,y) = (v4cos(x + B) + Ca;cos(x + D), y) is a proper biharmonic map. 

Proof. To the effect, the map <fi : M — > N defined by <f)(x,y) = (f(x),y) can 
be viewed as a map obtained from the map defined in Proposition 13.11 with 
c 2 (u) = a 2 — u 2 by restricting its domain. It follows that o~(u)a'(u) = —u, 
and (a(u)a'(u))' = —1. Substituting these into Equation fl4"4"j) we see that the 
map 4> is biharmonic if and only if f^ + 2f" + f = 0. Solving this 4th order linear 
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equation with constant coefficients we get f(x) = A cos(x + B) + Cx cos(x + D). 



Remark 1. The idea in Corollary 13 . 21 was motivated by |Le] in which Lemaire used 
the equation r(0) = [/" — o-'(f)a(f)]-^ = to determine f(x) = Acos(x + B) 
which gives a continuous family of harmonic maps which are not isometrically or 
conformally equivalent. 

Corollary 3.3. (Biharmonic maps into a helicoid) Let IR 2 be the Euclidean space 
with the standard coordinates (x, y) and the metric ds 2 = dx 2 + dy 2 . Let N be the 
helicoid with the parametrization f(u,v) = (ucosv,usmv,av) and the induced 
metric from IR 3 . Then, the map : M 2 — > N defined by <p(x,y) = (f(x),y) 
is biharmonic if and only if f(x) = (A + Bx)e x + (C + Dx)e~ x . It is proper 
biharmonic when B 2 + D 2 ^ 0. 

Proof. For helicoid f(u,v) = (ucosv,usinv,av) we have E = 1,F = 0, G — 
u 2 + a 2 , so the induced metric on the helicoid takes the form dp 2 = du 2 + 
(a 2 + u 2 )dv 2 . Therefore, the map : IR 2 — > N defined by 4>(x,y) = (f(x),y), 



in Proposition 13.11 with cr 2 (u) = a 2 + u 2 . In this case, a(u)a'(u) = u, and 
(a(u)a'(u))' = 1. It follows from Equation ( jH[) that the map is biharmonic 
if and only if f^ — 2f" + / = 0. Solving this 4th order linear equation with 
constant coefficients we get f(x) = (A + Bx)e x + (C + Dx)e~ x . Therefore, for 
B 2 + D 2 0, we obtain a family of proper biharmonic maps from Euclidean plane 
into a helicoid. □ 

Corollary 3.4. (Biharmonic maps into a circular cone) Let M. 2 be the Euclidean 
space with the standard coordinates (x, y) and the metric ds 2 = dx 2 +dy 2 . Let N be 
the circular cone in IR 3 with parametrization f(u, v) = cosf , ^= sin?;, -^=) with 
the induced metric from IR 3 . Then, the map : T 2 — > N defined by (p(x,y) = 
(f(x),y) is biharmonic if and only if f{x) = (A + Bx)e x /^ 2 + (C + Dx)e~ x l^ 2 . 
It is proper biharmonic when B 2 + D 2 ^ 0. 

Proof. For the circular cone in IR 3 with parametrization f(u, v) = (-7= cos v , sin v, 
we have E — 1, F — 0, G — \u 2 so the induced metric on the circular cone takes 
the form dp 2 = du 2 + ^u 2 dv 2 . Therefore, the map : IR 2 — > N defined by 
<f)(x,y) = (f(x),y) can be viewed as a map obtained from the map defined in 
Proposition 13.11 with cr 2 (u) = \u 2 and a restriction of the co-domain. In this 
case, a{u)a'{u) = |, and (a(u)a'(u))' = 1/2, and it follows from Equation ( 144]) 
that the map is biharmonic if and only if f^ — f" + \f — 0. Solving this 4th 



From this we obtain the corollary. 



□ 




can be viewed as a map obtained from the map defined 
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order linear equation with constant coefficients we obtain the solution given in 
the corollary. □ 

Remark 2. Using the formula for the Gauss curvature of the surface with F = 
(50) K = 




we can check that the target surface in Corollary 13.21 has positive Gaussian cur- 
vature K = ^2^2)2 ; the target surface in Corollary 13.31 has negative Gaussian 

curvature K = , 2^2)2 ; and the target surface in Corollary 13 .41 has zero Gaussian 
curvature K = 0. Therefore, our results show that there exist many proper bi- 
harmonic maps from a noncompact surface into surfaces with K > 0, K = and 
K < 0. This is a contrast to a theorem proved in [Jilj asserting that any bihar- 
monic map from a compact orientable manifold into a manifold N with sectional 
curvature Rie^ < has to be harmonic. 

Corollary 3.5. Let IR 2 be the Euclidean plane coordinates (x,y), i.e., ds 2 = 
dx 2 + dy 2 and iV = 1 x 1 with coordinates (x, y) be provided with the warped 
product metric dp 2 = dx 2 + a 2 [x)dy 2 . Then, the identity map i : M. 2 — > N 
defined by i (x, y) = (x, y) is biharmonic if and only if 

o- 2 (x) = — 4 In \x + c\\] 

(51) { a 2 (x) = -4 In I cos(fx +c x )| + c 2 ,or 

a 2 (x) = -Ab\n(e bx / 2 - c x e~ hx l 2 ) + c 2 . 

Proof. Applying Proposition 13.11 with f(x) = x we conclude that the identity 
map i : M. 2 — > N is biharmonic if and only if 

(52) (aa')" -(aa')(aaj = 0. 
Setting y = aa' we have 

(53) y" - yy = 0, 
which can be written as 

(54) (y' - y 2 /2)' = 0. 
It follows that f = (y 2 + C)/2, or 
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Solving Equation ( 15"5"|) we have 

For C = 0, , y = — J-: 

(56) ^ For C = a 2 > 0. y = atan(|x + ci); 



^2 

ForC = -6 2 <0. // 



2 ^ n „, — -fe(e to / 2 +cie-'' 3: / 2 ) 

gbx/2 c\£~ b x /2 



Substituting y = a a' = (^-)' into (156"]) and integrating the resulting equations we 
obtain solutions (l5"Tj) . All solutions give proper biharmonic maps as a 2 ^ constant 
in any case. Therefore, we obtain the corollary. □ 

Remark 3. For more general results on biharmonic identity maps from a product 
space into a warped product space see [BMOlJ. 

We will end this section with a classification of linear biharmonic maps between 
hyperbolic planes with the model H 2 = (M 2 , e~ 2y dx 2 + dy 2 ). 

Proposition 3.6. Let : H 2 = (R 2 , e~ 2y dx 2 + dy 2 ) — > H 2 = (IR 2 , e~ 2v du 2 + dv 2 ) 
with 4>{x, y) = (ax + by, cx + dy) be a linear map. Then, <p is biharmonic if and 
only if a = b = or a = ±1, b = c = 0, d = 1; Furthermore, for a = b = and 
d 0, the map is a proper biharmonic map. 

Proof. One can easily compute the connection coefficients of the domain and the 
target surfaces to get 

(57) 1^ = 0, r} 2 = -i, r^ 2 = o, 

r 2 — p~ 2y r 2 — n r 2 — n 

1 11 — e i 1 12 — u 5 1 22 — u > 



and 

(58) 



f 1 
1 n 

f 2 
1 li 



n r 1 

u > 1 12 

„-2v 



•1 F 1 
A ) 1 2 



f 2 
1 12 



22 ~ 

f 2 
1 22 



We can also check that the components of the Riemannian curvature of the target 
surface are given by 

(59) -^212 = ~~ 1> -^221 = 1) -^112 = e 5 -^121 = — e 

others = 0, 

and the tension field of the map <ft has components 

(60) T\(f)) = -b - 2bd - 2ace 2y , 

(61) r 2 (0) = -d + a 2 e 2y ' 2v + b 2 e~ 2v . 
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A further computation gives 

T { = 0, = 0, t\ = -4ace 2y , t\ 2 = -8ace 2y , 
r 2 = -2a 2 ce 2y ~ 2v - 2b 2 ce~ 2v , 
r 2 1 = 4a 2 c 2 e 2 y- 2v + 4b 2 c 2 e- 2v , 
(62) r 2 = 2a 2 (1 - d)e 2y ~ 2v - 2b 2 de~ 2v , 

r| 2 = 4a 2 (l - d) 2 e 2y ~ 2v + 4b 2 d 2 e~ 2 \ 



(63) Ar 1 =^(4-4r fe 1 ) = -4ace^, 

(64) 2g(yr\V^)Y l afj 

= 4a 3 ce 4^/ - 2^, + 4{ab 2 c - a 2 b(l - d))e 2y - 2v + 4b 3 de~ 2v + 8acde 2y , 



(65) r Q A0^f ^ = A 2 ^ 2 " + foV 2 " - 2acde 2?/ - 26d - 26rf 2 , 

(66) r^(V/,V^)(^ + f^f^) 

= r\g xl c 2 + rf 2 ) + r 2 (( ? 11 ac + bd) - e- 2v r\g lx a 2 + b 2 ) 
3a 3 ce 4y - 2v + (a 2 6 + 3ab 2 c + 3a 2 bd)e 2y - 2v - 2ac 3 e iy 
+ (-bc 2 - acd - 2acd 2 - 2bc 2 d)e 2y 
+ (b 3 + 36 3 d)e- 2 * - 2M 2 - 2M 3 , 

(67) -T^(Vr,V/)i^ 

= -r^(V0 2 , V0 2 )^ 21 - t 2 £(V0\ V0 2 )^ 12 

2ac 3 e 4?/ + (6c 2 + 26c 2 d + 2acrf 2 - acd)e 2y + a 3 ce iy ~ 2v 
+ {a 2 bd + ab 2 c)e 2y ~ 2v + b 3 de~ 2v + 2bd 3 . 
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Similarly, we have 
(68) At 2 = ^(Tg-rjtf 



(69) 



ij ij k I 

{2b 2 d + Ab 2 d 2 )e- 2v + (2a 2 + 46 2 c 2 - 6a 2 d + 4a 2 d 2 )e 2 ^ 
+4a 2 c 2 e 4 ^, 



2g(Vr a , V^)T 2 = 2g(Vr\ V0 4 )r 2 U = -Sabce 2 ^ 



2v 



(70) 



r a A/f 2 = -br x Y 2 U = (6 2 + 2b 2 d)e' 2v + 2abce 2y ~ 



2v 



(71) 



-2r\g n ac + g 22 bd) e - 2v + T\g n ac + g 22 bd)T\ 2 T 2 u 

I 2/„ll„2 | 22/2\pl p2 

+r (0 a +5- 6 )1 21 1 n 

-oV 4 " + (4o 2 d + 6b 2 d 2 )e- 2v - 2a 2 b 2 e 2y ~ Av 



+ (3a6c + a 2 d + 12abcd)e 



2y-2v 



l 4 e %-4, + 6a 2 c 2 e %- 



2 c 



and 
(72) 



-T v g(Vr,V^)R 2 av 
-r^(V0 2 , V^ 1 )^ - r 2 g{V4>\ V<P 1 )R\ 
(a 2 d - abc - Aabcd)e 2y - 2v - a A e Ay ~ Av - 2a 2 b 2 e 2y ~ Av 
-b A e~ Av - 2b 2 d 2 e- 2v - 2a 2 c 2 e Ay ~ 2v . 



>2 

412 



Substitute ([63]) ~ (!72|) into (E]), we conclude that is biharmonic if and only if it 
solves the system 



(-4ac + 4acd)e 2s/ + 8a 3 ce 4j/ - 2 ^ + (8a6 2 c - 2a 2 6 + 8a 2 bd)e 2y - 2v 
+ {8b 3 d + 2b 3 )e~ 2v - 2bd - Abd 2 = 0, 



(73) { 



(8b 2 d + 8b 2 d 2 + b 2 )e- 2v + 8a 2 c 2 e Ay ~ 2v - 26 4 e~ 4 ^ - 4a 2 o 2 e 2 f" 4 ^ 
-2a A e Ay ~ Av + (2a 2 + 46 2 c 2 - 4a 2 d + 4a 2 d 2 - 4afec + 8abcd)e 2y - 2v = 0. 

The first equation of (1731 is equivalent to 



(74) 



2y-2dy 



e- 2cx [8a 6 ce 4y ~ 2dy + (8a6 2 c - 2a 2 6 + 8a 2 M)e 
+ (86 3 d + 2b 3 )e- 2dy ] + (-4ac + Aacd)e 2y - 2bd - Abd 2 = 
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for any x,y G R. 
If c ^ 0, CSD implies 

'8a 3 ce 4y - 2dy + {8ab 2 c - 2a 2 b + 8a 2 bd)e 2y ~ 2dy + (8o 3 d + 2b 3 )e~ 2dy = 0, 
< -4ac + Aacd = 0, 
2bd - Abd 2 = 0. 

v 

Solving this equation we obtain a = b = 0, c^O. 
If c = 0, fT74"]) becomes 

(75) {-2a 2 b + 8a 2 bd)e 2{1 ~ d)y + (86 3 d + 2o 3 )e~ Ms/ - 2bd - Abd 2 = 0, 

which can be solved by considering the following three cases: 

(A) For d = 0, (1751) becomes — 2a 2 fee 2y +2o 3 = 0, which has solution b = d = c = 0; 

(B) For d — 1, (175]) becomes 10o 3 e _2!/ + 6a 2 6 — 66 = whose solution is b = c = 0, 
d = 1; 

(C) For d ^ 0, and d ^ 1, ([75]) implies that 

' -2a 2 b + 8a 2 bd = 0, 

< 8o 3 d + 2o 3 = 0, 
-2bd - Abd 2 = 0. 

v 

Solving this we have b = c = 0, d ^ 0, d ^ 1. 

So, the solution of the 1st equation of (175]) is (?) a = 6 = 0; and (ii) 6 = c = 0. 

It is easy to check that a = b = is also a solution of the 2nd equation of 
f ]75]) . and hence a = 6 = is a solution of f ]75]) . 

Substituting 6 = c = into the 2nd equation of f ]75]) we obtain (2a 2 — 4a 2 d + 
4a 2 d 2 )e 2 ( 1 -^ - 2a 4 e 4 ( 1 ^ s/ = 0. Solving this, we have a = b = c = 0, d ^ 1, or 
a = 6 = c = 0, d = 1, or a = ±1, 6 = c = 0, d = 1. 
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Summarizing the above results we conclude that the Equation (175)) has solu- 
tions a = b = 0, or a = ±1, b = c = 0, d = 1. 

Using the components (l60i) and (l6Tj) of the tension field of <fi we can check 
that when a = b = 0, d ^ 0, the map </>(x, y) = (ax + 6y, cx + dy) is a proper 
biharmonic map. This completes the proof of the proposition. □ 

Remark 4. Note that Oniciuc [OnJ proves that if : (M,g) — > (N, h) is a map 
with the property that |t(0)| = constant, Riem^ < 0, and there is a point p G M 
such that rank p > 2, then qb is biharmonic if and only if it is harmonic. Our 
Proposition 13.61 shows that there does exist a lot of proper biharmonic maps 
into a space with negative curvature, having the property |t(0)| = constant but 
rankp < 2 for every point p. 
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